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Abstract 
If D = (V, A) is a digraph, its p-competition graph has vertex set V and an edge between .x and y if 
and only if there are distinct vertices a , , , ap in D with (x, a,) and 0’. ai) arcs of D for each i I p. The 
p-competition number of a graph is the smallest number of isolated vertices which need to be added 
in order to make it a p-competition graph. These notions generalize the widely studied p = 1 case, 
where they correspond to ordinary competition graphs and competition numbers. We obtain 
bounds on the p-competition number in terms of the ordinary competition number, and show that, 
surprisingly, the p-competition number can be arbitrarily smaller than the ordinary competition 
number. 
The notion of competition graph was introduced by Cohen [S] in connection with 
a problem in ecology. Since Cohen’s initial article, there has been an extensive 
literature on competition graphs and their various applications, which in addition to 
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ecology include applications to channel assignments, coding, and modeling of com- 
plex economic and energy systems. (See Raychaudhuri and Roberts [ 181. ) A variety of 
generalizations have been introduced, including the common enemy graph (resource 
graph) of Lundgren and Maybee [17] and Sugihara [23], the competition-common 
enemy graph of Scott [21], Jones et al. [l 11, Seager 1221, and Kim, Roberts, and 
Seager [15], the niche graph of Cable et al. [4], Bowser and Cable [3] and Fishburn 
and Gehrlein 161, and the competition multigraph of Anderson et al. Cl]. See 
Lundgren [16] for a survey. The purpose of this paper is to explore the properties of 
yet another such generalization, the p-competition graph, in terms of an associated 
parameter, the “p-competition number”. 
Suppose D = (V, A) is a digraph. (For all undefined graph theory terminology, see 
Bondy and Murty [Z] or Roberts [20].) If p is a positive integer, the p-competition graph 
corresponding to D, C,(D), has vertex set Vand an edge between x and y in Vif and only 
if, for some distinct a,, . . . ,u, in V, (~,a,), (~,a,), (x,u2), (~,a,), . . ,(x,uJ (~,a,) are 
in A. If D is thought of as a food web whose vertices are species in some ecosystem 
and with an arc (x, y) if and only if x preys on y, then jx, y} is an edge of C,(D) if 
and only if x and y have at least p common prey. If p = 1, C,,(D) is the ordinary 
competition graph of Cohen [S]. It is common in the literature of competition graphs to 
make special assumptions about D, in particular that it be acyclic. However, the 
definition makes sense in general. The definition can be thought of as a special case of 
a more general notion of tolerance intersection graph which has been developed by 
Jacobson, McMorris, and Mulder [9] and Jacobson, McMorris, and Scheinerman [lo]. 
In the following, we use the ecological motivation and say that “x preys on y” or “x eats 
y” to mean that (x, y) is an arc of a digraph in question. Additional general results 
appear in Kim et al. [13,14], and we investigate the case p = 2 in more detail in Isaak 
et al. [S]. 
In studying competition graphs of acyclic digraphs, Roberts [19] observed that 
adding sufficiently many isolated vertices to an arbitrary graph G makes it into the 
competition graph of some acyclic digraph. The smallest such number of isolated 
vertices was called the competition number of G and denoted k(G). Much of the study 
of competition graphs of acyclic digraphs has centered on the study of competition 
numbers, since the characterization of competition graphs of acyclic digraphs reduces 
to the question of computing the competition number of an arbitrary graph. We study 
p-competition graphs of acyclic digraphs by studying an analogous concept of 
p-competition number. 
We let I, be the graph consisting of r vertices and no edges, and G u I, be the 
disjoint union of G and I,. We let P:(x) = fy: (x,y) E A} and P,(x) = {y: (y,x) E A} 
when dealing with a digraph D = (V,A). If D is an acyclic digraph of n vertices, we use 
what Harary, Norman, and Cartwright [7] call a level assignment: a labeling of the 
vertices with the integers, 1,2, . , n so that there is an arc from the vertex labeled i to 
the vertex labeledj only if i < j. We also make frequent use of the following result from 
Roberts [19]: If a graph G is connected and has no triangles, then 
k(G) = lE(G)I - / I’(G)1 + 2. 
Analogous to the well-known result for competition graphs, we note that it is well 
defined to talk about the p-competition number k,(G), which is the smallest r so that 
G u I, is a p-competition graph of some acyclic digraph D. Such a D can be built from 
the vertices of G by adding p new vertices x ,‘, . . ..x.Pfor each edge x = {a,b} in G, and 
letting the endvertices of edge CI prey on x,‘, . ,x,P. Then G u I, = C,(D) with 
Y = p 1 E(G) /. Such p-competition numbers are analogous to the competition numbers 
of Roberts [19], the double competition numbers of Scott [21], the niche numbers of 
Cable et al. [4], and the multicompetition numbers of Anderson et al. [l]. 
Proposition 1. For all graphs G, k,(G) I k(G) + p - 1. 
Proof. Suppose G u Ik,G, = C1 (D) for the acyclic digraph D. Form an acyclic digraph 
D’ from D by adding new vertices xi, . . . , xp_, and new arcs from each vertex x in G 
to each new xi. Thus P&(X) = P;(X) u (~1, . . ..x~- 1 $ for each x E V(G). It is easy 
to check that, for x, 4’ E I’(G), 1 P,‘,(x) n P&(y) 1 2 p if and only if 
/P,+(x) n P,+(y)1 2 1. 0 
We now note a variety of results which show that, in many cases, the bound in 
Proposition 1 is tight. We also show that the bound need not be tight, and indeed the 
surprising result that there are graphs with k,(G) < k(G), and that the difference can 
be arbitrarily large. 
If G has no isolated vertices, then k,(G) 2 p, since the final p vertices in a level 
assignment for D will have to be isolated in G. Thus by Proposition 1, if k(G) = 1 and 
G has no isolated vertices, then k,(G) = k(G) + p - 1 = p. From this it follows that, if 
G is a chordal (rigid circuit) graph with no isolated vertices (and so k(G) = 1 by 
Roberts [19]), k,(G) = k(G) + p - 1 = p. 
It is also straightforward to verify that if G has no isolated vertices and if 6(G) (the 
smallest vertex degree in G) is at least as large as w(G) (the size of the largest clique of 
G), then k,(G) 2 p + 1. Combining this with Proposition 1 shows that a graph 
G having no isolated vertices with k(G) = 2 and 6(G) 2 w(G) must satisfy 
k,(G) = k(G) + p - 1 = p + 1. Thus if G = C, (the cycle of length n) and y1 2 4 (so 
k(G) = 2 by Roberts [19]), then k,(G) = p + 1. 
Proposition 2. [f the open neighborhood N(a) of a has at least t pairwise independent 
vertices for every a E V(G), then k,(G) 2 F(t,p), where F(t,p) is the smallest u so that 
(“,) 2 t. 
Proof. Suppose that r = k,(G) and G u I, = C,(D). Find a level assignment of D using 
the integers 1, . , n + r, where n = 1 V(G) 1. Suppose x is a highest-labeled vertex of G, 
and let xi, . . ,x, be pairwise independent vertices in N(x). Note that 
I PG (xi) I-J PG (xi) j I p - 1 for all i + j and 1 Pi (x) n Pi (xi) / 2 p for all i. It follows 
that P,‘(x) has at least t distinct subsets of size p: Pick a p-element subset of 
P;(x) n PG (Xi) for i = 1,. . . , t. Hence, 1 Pi(x) 1 2 F(t, p). But Pi(x) s I,, since x is 
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a highest-labeled vertex of G and the existence of an arc from x to y implies that y gets 
a higher label than x, so y$G. It follows that k,(G) = Y 2 /Pi(x)) 2 F(t, p). 0 
As a corollary, if N(a) has at least two pairwise independent vertices for every 
a E V(G), then k,(G) 2 p + 1. Combining this with Proposition 1, we see that, if 
k(G) = 2 and each N(a) has at least two pairwise independent vertices, then 
k,(G) = k(G) + p - 1 = p + 1. 
We now show that k,(G) can be smaller than k(G), and indeed that k,(G) can be 
arbitrarily smaller than k(G). 
Theorem 3. For any nutural number m, there exists a graph G such that 
k,(G) I k(G) - m. 
Proof. Consider the graph G consisting of n 4-cycles joined at one vertex, where n 2 8 
is even. Label the center vertex 1, and the ith 4-cycle 1, i, 2n + i, n + i in order around 
the cycle. Since G is triangle-free and connected, the k(G) = 1 E(G)1 - 1 V(G) / + 2 
result of Roberts 1191 implies that k(G) = 4n - (3n + 1) + 2 = n + 1. Add n/2 + 3 
vertices a,, . , unj2 + 3 to V(G) and define a digraph D on the expanded set of vertices in 
the following way: 
1 preys on 3, 4, 5, 6,. . . ,(2n + 3). 
If 2 I i I n/2: 
i preys on (i + l), (i + 2), (2n + 2i - l), (2n + 2i), 
(n + i) preys on (n + i + l), (n + i + 2), (2n + 2i), (211 + 2i + l), 
(2n + i) preys on (2n + 2i - l), (2n + 2i), (2n + 2i + 1). 
If n/2 + 1 I i I n: 
i preys on (i + l), (i + 2), (2n + i + l), Ui-nQ, 
(n + i) preys on (n + i + l), (n + i + 2) (2n + i + I), Ui-n/2+,, 
(2n + i) preys on (2n + i + l), Cli-n;2, Ui-n:z+r. 
Also, 
(n + 1) preys on (n + 21, (n + 3), q2 + 1, 4:2 + 2, 
(2n + 1) preys on (2n + 21, @n + 3) anI + 2, ani2 + 31 
(3n f l) preys on %2+1, %!2+2, %:2+3. 
We claim that D is acyclic and C,(D) = G u Ini2+ 3. This claim will prove the theorem, 
since it will imply that k,(G) I n/2 + 3, and so k(G) - k,(G) 2 (n + 1) - 
(n/2 + 3) = n/2 - 2, which shows that k(G) - k,(G) can be arbitrarily large as n in- 
creases. 
To verify this claim, first observe that D is acyclic, since lower-numbered vertices eat 
higher-numbered vertices or lettered vertices. We now compare the adjacency of 
vertices in C2 (D) and G u I,,, + j. Note that vertex 1 shares two common prey with 
2,3,4,5, . . . , (2n + l), since each of those vertices preys on its two successors. Clearly 
1 has at most one common prey with each of the remaining vertices. Thus, 1 is 
adjacent exactly to 2,3,4,.5, . . ,(2n + 1) in C,(D), which is also true for G. 
We now check the adjacency of i, 2 I i I 3n, and j, i + 1 I j I 3n + 1. The 
argument involves eight cases. We here provide only the proof of case 1: 2 I i 5 n/2; 
the remaining cases are tedious but straightforward. (They are written out in detail 
in Kim [12].) Suppose 2 I k I n/2. If j = k, then i and j have at most one common 
prey. 
Ifj=n+k,thenjpreyson(n+k+ l),(n+k+2),(2n+2k)and(2n+2k+ 1). 
Since 3ii+l <n/2+ 1, 4Ii+2In/2+2, 2n + 3 I 2n + 2i - 1 C 3n - 1, 
2n+4<2n+2i<3n,n+3<n+k+l<n+n/2+1,n+4<n+k+2<n+ 
n/2 + 2,212 + 4 I 2n + 2k I 3n and 2n + 5 I 2n + 2k + 1 I 3n + 1, it is enough to 
check that 2n + 2i - 1 = 2n + 2k and 2n + 2i = 2n + 2k + 1 can not both hold. 
Hence i and j have at most one common prey. 
Ifj = 2n + k, then j preys on (2n + 2k - l), (2n + 2k), and (2n + 2k + 1). Note that 
i and j have at least two common prey only in the case where 
2n + 2i - I = 2n + 2k - 1 and 2n + 2i = 2n + 2k, i.e., when i = k. Thus, i and 2n + k 
are adjacent in C,(G) if and only if i = k, and the same holds in G. 
Now suppose that n/2 + 1 I k I n. If j = k, then (i + 1) cannot be any one of 
(j + l), (j + 2) (2n + j + 1) or qj-n/z; (i + 2) can be (j + l), but cannot be any one of 
(j + 2), (2n + j + l), or qj-,l/z. If (i + 2) = (j + l), then i = n/2. In this case, n/2 
preys on (n/2 + l), (n/2 + 2), (3n - 1) and (3n), while (n/2 + 1) preys on (n/2 + 2), 
(n/2 + 31, (2n + n/2 + 2) and a,. It is enough to show that (3n - 1) + (2n + n/2 + 2) 
and (3n) $ (2n + n/2 + 2). Suppose (3n - 1) = (2n + n/2 + 2). Then n = 6, contrary 
to the hypothesis n 2 8. If (3n) = (2n + n/2 + 2), then n = 4, again contrary to hypo- 
thesis. 
If j = n + k, then j eats (n + k + l), (n + k + 2) (2n + k + l), &-,,/2+i and clearly 
i and j have at most one common prey. If j = 2n + k, then j preys on (2n + k + l), 
qk -ni2, +_n,2 + , and j shares at most one prey with i. Finally, if j = n + 1, j = 2n + 1, 
or j = 3n + 1, then i and .j have at most one common prey. 0 
In closing we note that the graph constructed in the proof shows that being 
a p-competition graph of an acyclic digraph does not imply being a q-competition 
graph of an acyclic digraph for q < p, since G plus the n/2 + 3 additional vertices 
forms a 2-competition graph, but not a l-competition graph. 
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